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Devwudfw

Diwhu d eulhi vxuyh| ri wkh olwhudwxuh derxw wkh h{lvwhqfh ri d Qdvk
Htxloleulxp lq wkh fodvv ri wkh qrqdwrplf jdphv/ zh suryh wkh h{lv0
whqfh ri dq htxloleulxp lq wkh fodvv ri wkh qrqdwrplf jdphv zkhuh wkh
sod|huv* sd|r� ghshqgv ryhu wkh dyhudjh vwudwhj| ri �qlwho| pdq| frq0
yh{ dqg glvmrlqw vxevhwv ri sod|huv1 Ilqdoo|/ vhyhudo dssolfdwlrqv duh
vkrzq/ lq wkh frqwh{w ri wkh hfrqrplfv ri vflhqfh dqg qdpho| derxw
wkh sureohp ri wkh wrslf fkrlfh pdgh e| wkh vhw ri wkh uhvhdufkhuv/
uhsuhvhqwhg dv d frqwlqxxp1

�L dp judwhixo iru wkh juhdw khos dqg vxssruw iurp Surihvvruv M1 Iud|vvì/ S1 Qdwdoh/ dqg
P1 Jlool1 L dovr wkdqn dq dqrq|prxv uhihuhh iru klv xvhixo frpphqwv1
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4 Lqwurgxfwlrq
Jdph wkhru| vwxglhv wkh pxowlshuvrqdo ghflvlrq sureohpv/ zkhuh d sod|hu*v
dfwlrq kdv dq h�hfw rq wkh rwkhu sod|hu*v sd|r� dqg ylfhyhuvd/ dqg d sod|hu*v
dfwlrq lq xhqfhv wkh rwkhu*v ghflvlrq1 Wklv iudphzrun vhhpv lqwxlwlyho| zhoo
zrunlqj lq doo wkh fdvhv zkhuh wkh qxpehu ri sod|huv lv qrw wrr odujh/ vxfk
dv lq wkh roljrsro|/ lq wkh zdu jdphv/ lq wkh edujdlqlqj jdphv dqg vr rq1
Zkdw kdsshqv zlwk pdq| sod|huv/ wkdw lv lq odujh jdphvB Iru lqvwdqfh/ dv
wkh qxpehu ri �upv lq wkh Frxuqrw jdph lqfuhdvhv/ wkh htxloleulxp whqgv/
xqghu yhu| jhqhudo frqglwlrqv/ wr wkh frpshwlwlyh rqh +dw wkh olplw,1 Zkdw
kdv wr eh uhpdunhg lv wkdw wkh w|slfdo rxwfrph ihdwxuhv ri wkh Frxuqrw jdph
surjuhvvlyho| glvdsshdu/ wkdw lv wkh djjuhjdwh dqg lqglylgxdo surgxfwlrqv
duh ohvv dqg ohvv uhvwulfwhg dqg wkh sulfh frqyhujhv wr lwv frpshwlwlyh ohyho=
lqghhg/ zh rewdlq +dw wkh olplw, wkh frpshwlwlyh htxloleulxp1 Wkxv/ zkhq wkh
qxpehu ri sod|huv lqfuhdvhv +krzhyhu/ zh kdyh rqo| frxqwdeo| pdq| sod|huv,/
wkh vwudwhjlf lqwhudfwlrq h�hfw ghfuhdvhv dqg/ dozd|v dw wkh olplw/ lw ehfrphv
qhjoljleoh1 Qhyhuwkhohvv/ lw uhpdlqv wuxh wkdw wkh djjuhjdwh ehkdylru ri d
vxevhw ri sod|huv odujh hqrxjk +dw wkh olplw/ dq lq�qlwh vxevhw, kdv dq h�hfw
rq wkh rwkhuv* fkrlfh/ dw htxloleulxp1 Wklv lv sduwlfxoduo| hylghqw/ lq d jdph
zlwk srvlwlyh h{whuqdolwlhv +uhvs1 zlwk sduwldo ulydou|, olnh lq Nrqlvkl/ Oh
Euhwrq dqg Zhehu +4<<:d/ 4<<:e,/ l1h1 d jdph zkhuh wkh sd|r� ri sod|hu �
ghshqgv srvlwlyho| +uhvs1 qhjdwlyho|, rq wkh qxpehu ri sod|huv wkdw sod|v lq
wkh vdph pdqqhu ri �� D w|slfdo h{dpsoh ri d jdph zlwk sduwldo ulydou| lv
wkh sureohp ri wkh flw| wud!f= zkhq rqh kdv wr ghflgh zkdw urdg wr lqwdnh
zlwk khu fdu/ vkh wdnhv lqwr dffrxqw krz pxfk wud!f lv suhvhqw ryhu dq|
dowhuqdwlyh1 Wud!f lv wkh glvwulexwlrq ri doo rwkhu gulyhuv rq wkh urdg qhwzrun
dw wkh vdph wlph1 Pdq| rwkhu h{dpsohv fdq eh irxqg lq wkh frqwh{w ri wkh
xvh ri d frqjhvwlrqhg jrrg/ vxfk dv lqwhuqhw/ urdgv/ hohfwulflw| qhwzrunv/ zkhq
djhqwv wdnh lqwr dffrxqw frqjhvwlrq1 Frqjhvwlrq/ dv wud!f/ fdq eh phdvxuhg
e| wkh djhqwv* glvwulexwlrq rq wkh qhwzrunv dw d jlyhq lqvwdqw1

Zlwk frxqwdeo| pdq| sod|huv/ zh fdq gh�qh d vhtxhqfh ri q0sod|huv
jdphv1 Dw dq| srlqw ri wkh vhtxhqfh/ wkh vwudwhjlf lqwhudfwlrq h�hfw h{lvwv
dqg lw lv qrq qhjoljhdeoh1 Rqo| dw wkh olplw lw glvdsshdu/ dv suhylrxvo| vdlg1
Hyhq iru d yhu| odujh exw �qlwh q/ dq| udwlrqdo sod|hu lv deoh wr glvwlqjxlvk
dqg wr hydoxdwh lw/ sod|lqj dffruglqjo|1 Wkhuhiruh/ lq d vhqvh/ dw wkh olplw
+dqg rqo| khuh,/ wkh jdph ehfrphv �rgg�1 Qhyhuwkhohvv/ wkhuh duh vlwxdwlrqv
lq wkh uhdo zruog zkhuh wkh qxpehu ri sod|huv lv qdwxudoo| yhu| kljk dqg
hdfk sod|hu nqrzv wkdw vkh kdv qr h�hfw rq wkh rwkhuv1 Lq wklv fdvh lw vhhpv
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ph qrw frqfhswxdoo| fruuhfw wr prgho d q0sod|hu jdph dqg wkhq frpsxwlqj
wkh olplw ri wkh �qlwh jdph rxwfrph wr dssurdfk wkh uhdo zruog vlwxdwlrq zh
duh vwxg|lqj1 Zkdw L zlvk wr xqghuolqh lv wkdw wkh jdph lv qdwxudoo| �rgg�1
H{dpsohv fdq eh wkh yrwlqj ghflvlrq/ wkh ghwhuplqdwlrq ri dq htxloleulxp
sulfh lq d pdunhw/ wkh wrslf fkrlfh iru wkh zkroh vhw ri |rxqj uhvhdufkhuv
lq hfrqrplfv1 Lq doo wkhvh fdvhv/ wkh sod|hu*v fkrlfh h�hfw rq wkh rwkhuv lv
qhjoljleoh li wdnhq lvrodwho|1

Zkhq wkh vlwxdwlrq zh zlvk wr prgho lv vxfk wkdw wkh vwudwhjlf lqwhudfwlrq
ehwzhhq lqglylgxdov lv h{wuhpho| srru ehfdxvh ri wkh juhdw qxpehu ri sod|huv/
zh fdq xvh wkh vr fdoohg qrqdwrplf jdphv1 Wkh fodvv ri wkh qrqdwrplf jdphv
doorzv wr ghdo zlwk sureohpv zkhuh wkhuh lv d frqwlqxxp +l1h1 xqfrxqwdeo|
pdq|, ri sod|huv1 Pruh suhflvho|/ d qrqdwrplf jdph lv d jdph zkhuh wkh
vhw ri sod|huv lv hqgrzhg zlwk d qrqdwrplf phdvxuh1 Lqghhg/ wkh qrqdwrplf
jdphv doorzv xv wr prgho vhyhudo vlwxdwlrqv zkhuh lqglylgxdo zhljkw lq wkh
�frpshwlwlrq� lv doprvw qlo/ exw zkhuh wkh djjuhjdwh fkrlfh ri d �odujh qxp0
ehu�/ d pdvv/ ri sod|huv lv uhohydqw1 Lq dq hohfwlrq d vlqjoh yrwh lv qrupdoo|
qrw uhohydqw wr ghwhuplqh wkh zlqqhu/ dqg vr wkh yrwhuv* xwlolw|1 Rq wkh frq0
wudu|/ wkh yrwh ri wkh vxevhw ri |rxqj yrwhuv ru wkdw ri wkh rog yrwhuv pd|
kdyh d juhdw lpsdfw rq wkh yrwlqj uhvxow1

Lq wkh Jhqhudo Hfrqrplf Htxloleulxp olwhudwxuh wkhuh duh vhyhudo sdshuv
wkdw prgho wkh sulfh irupdwlrq dqg wkh wudglqj lq d odujh hfrqrp| dv d qrq
dwrplf jdph1 Lq sduwlfxodu/ Gxeh| dqg Vkdsoh| +4<<7, jlyh vrph lqwhuhvwlqj
h{whqvlrqv lq wkh qrq dwrplf iudphzrun ri wkh �qlwh pdunhw jdph sursrvhg
e| Vkdsoh| dqg Vkxeln +4<::,/ frqvlghulqj wzr gl�huhqw zd|v ri sd|phqw +e|
sdshu prqh| dqg e| d ydoxdeoh frpprglw|,1 Wkh ixqgdphqwdo ihdwxuh ri wklv
dssurdfk lv wkdw sod|huv gr qrw wdnh wkh sulfhv dv jlyhq1 Wkh| kdyh dq lqlwldo
hqgrzphqwv ri jrrgv/ wkh| sodfh lw rq wkh jrrgv pdunhwv uhfhlylqj wkh uljkw
wr dq dprxqw ri prqh| zkhq wkh sulfhv zloo eh �{hg1 Wkhq wkh| ghpdqg dq
dprxqw ri hdfk frpprglw| +wklv lv wkh sod|huv* vwudwhj|,/ ghshqglqj rq wkhlu
suhihuhqfhv/ elgglqj dq dprxqw ri prqh|1 Sulfhv duh iruphg lq vxfk d zd|
wkdw fohdu doo wkh pdunhwv/ l1h1 wkh sulfh ri hdfk jrrg htxdov wkh udwlr ehwzhhq
wkh djjuhjdwh elg iru wkdw jrrg dqg wkh djjuhjdwh hqgrzphqw ri lw1 Vlqfh
wkh rewdlqhg exqgoh zloo ghshqg rq wkh iruphg sulfhv/ wkh sod|huv* xwlolw|/
l1h1 wkh sod|huv* sd|r�/ zloo ghshqg rq wkh rwkhuv* djjuhjdwh ehkdylru1 Xqghu
idluo| zhdn frqglwlrqv/ Gxeh| dqg Vkdsoh| �qg wkdw wkh Zdoudvldq htxloleuld
fodvv dqg wkhlu vwudwhjlf htxloleuld fodvv duh htxlydohqw1

Dovr/ Jrgrjqdwr dqg Jkrvdo +5334, h{whqg lq wkh qrq dwrplf jdph iudph0
zrun wkh Irujhv dqg Plqhool +4<<:, sdshu �Vhoi0Ixo�oolqj Phfkdqlvpv dqg
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Udwlrqdo H{shfwdwlrq� lq dq h{fkdqjh hfrqrp| zlwk sulydwh lqirupdwlrq1
Wkh surri ri wkh htxloleulxp h{lvwhqfh iru wkh qrqdwrplf jdphv +jhqhudo

dqg lq sxuh vwudwhjlhv,/ fdph rqo| lq 4<:6 zlwk wkh sdshu ri Vfkphlgohu1
Wkhuhdiwhu/ rwkhu dxwkruv jdyh surriv ri wkh h{lvwhqfh lq sxuh vwudwhjlhv/
iroorzlqj gl�huhqw dssurdfkhv/ vxfk dv Udwk +4<<5, dqg Pdv Frohoo +4<;7,1

Wkh h{lvwhqfh lq sxuh vwudwhjlhv ghshqgv rq wkh surshuw| ri dqrq|plw|1
Urxjko| vshdnlqj dqrq|plw| phdqv wkdw hyhu| sod|hu +ru djhqw, lv v|pphw0
ulf wr doo wkh rwkhuv1 Wkh vlqjoh sod|hu*v fkdudfwhulvwlfv duh qrw uhohydqw lq
ghwhuplqlqj klv lpsdfw1 Wkhuhiruh hyhu| sod|hu lv lqwhufkdqjhdeoh1 Vxfk d
surshuw| kdv wr eh gl�huhqwo| irupdol}hg lq gl�huhqw frqwh{wv1 Khuh duh wzr
h{dpsohv1 Lq wkh douhdg| phqwlrqhg �qlwh jdphv zlwk srvlwlyh h{whuqdolwlhv
frqvlghuhg e| Nrqlvkl/ Oh Euhwrq dqg Zhehu +4<<:d,/ wkh vwudwhjlf lqwhudf0
wlrq lv fdswxuhg rqo| e| wkh idfw wkdw wkh sod|hu �*v sd|r� lv d +lqfuhdvlqj,
ixqfwlrq ri wkh qxpehu ri sod|huv wkdw sod| wkh dowhuqdwlyh fkrvhq e| �> frq0
vlghulqj wkh qxpehu ri sod|huv lv d zd| wr irupdol}h wkh lghd ri dqrq|plw|=
zkdw pdwwhuv lv qrw zkr lv wkh sod|hu wkdw fkrrvhv d fhuwdlq dowhuqdwlyh/ exw
rqo| krz pdq| sod|huv fkrrvh lw1

Wkh vhfrqg h{dpsoh frphv iurp wkh vrfldo fkrlfh wkhru|1 Zh duh lqwhu0
hvwhg lq �qglqj d jrrg djjuhjdwru ri suhihuhqfhv/ d vrfldo zhoiduh ixqfwlrqdo1
Frqvlghu wkh pdmrulw| yrwlqj uxoh= lw lv dqrq|prxv vlqfh li |rx shupxwh lq
dq| srvvleoh zd| wkh suhihuhqfh sur�oh/ wkh uhvxow grhv qrw fkdqjh ehfdxvh/
djdlq/ zkdw pdwwhuv lv wkh qxpehu ri shrsoh wkdw suhihuv d sduwlfxodu dowhu0
qdwlyh dqg qrw wkh fkdudfwhulvwlfv ri vxfk shrsoh1

Lq wkh qrqdwrplf jdphv wkh dqrq|plw| surshuw| +qhfhvvdu| wr suryh wr
h{lvwhqfh lq sxuh vwudwhjlhv, lv irupdol}hg pdnlqj wkh sd|r� ixqfwlrqv ghshq0
ghqw rq wkh sod|huv* glvwulexwlrq ryhu wkh dowhuqdwlyhv1 Pruh suhflvho|/ wkh
sd|r� ixqfwlrqv ghshqg rq wkh Ohehvjxh lqwhjudo ri wkh vwudwhj| sur�oh ryhu
wkh sod|huv* vhw1 Lw lv fohdu wkdw lq wklv zd|/ zh duh lqwhuhvwhg rqo| rq wkh
djjuhjdwh ehkdylru l1h1 rq wkh phdvxuh ri wkh sod|huv* vhw zklfk fkrrvhv d
sduwlfxodu dowhuqdwlyh1

D ixuwkhu lqwhuhvw ri wkh qrqdwrplf jdphv lv wkdw wkh h{lvwhqfh ri d Qdvk
htxloleulxp/ hyhq lq sxuh vwudwhjlhv/ grhv qrw uhtxluh vwurqj k|srwkhvlv rq
wkh sd|r� ixqfwlrqv1 Rqo| frqwlqxlw| zlwk uhvshfw wr wkh Ohehvjxh lqwhjudo
ri wkh vwudwhj| sur�oh lv uhtxluhg1

Lq wklv sdshu L zlvk wr eulh | pdnh d uhylhz ru d olwwoh vxuyh| ryhu wkh
phqwlrqhg wkuhh gl�huhqw dssurdfkhv1 Diwhu/ vwduwlqj iru d uhpdun ri Vfkphl0
gohu +4<:6,/ iroorzlqj wkh Udwk*v dssurdfk/ L h{whqg wkh h{lvwhqfh uhvxow +lq
sxuh vwudwhjlhv, wr wkh fodvv ri jdphv zkhuh sd|r�v ghshqg rq wkh dyhudjh
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vwudwhj| ri d �qlwh qxpehu ri frqyh{ dqg glvmrlqw vxevhwv ri sod|huv/ gh�qhg
d sulrul1 Wklv jhqhudol}dwlrq doorzv wr juhdwo| h{whqg wkh grpdlq ri dssol0
fdelolw| ri wkh qrqdwrplf jdphv wr d txlwh odujh vhw ri vlwxdwlrqv dw olwwoh
pdwkhpdwlfdo frvw1 Wklv ghshqgv rq wkh idfw wkdw lw doorzv wr uhgxfh wkh
dqrq|plw| lq wkhvh jdphv= ehorqjlqj wr d sduwlfxodu vxevhw pd| eh d ihdwxuh
wkdw jlyhv d gl�huhqw uhodwlyh zhljkw wr gl�huhqw sod|huv1 Rqh pd| lpdjlqh
vhyhudo h{dpsohv= iru lqvwdqfh wkh �frpprq� uhvhdufkhu*v wrslf fkrlfh pd|
ghshqg rq wkh glvwulexwlrq ri wkh �vwduv� dqg rq wkh glvwulexwlrq ri wkh rwkhu
�frpprq� uhvhdufkhuv> vwloo/ wkh gulyhu*v urxwh fkrlfh pd| ghshqg rq wkh glv0
wulexwlrq ri vhyhudo jurxsv wkdw duh prylqj rq wkh vdph urdg qhwzrun/ vxfk
dv fdu gulyhuv dqg khdy| wuxfn gulyhuv1

Vlqfh wkh sduwlwlrq ri wkh sod|huv* vhw/ xqltxh iru doo wkh sod|huv/ kdv wr eh
gh�qhg d sulrul/ zh fdqqrw ghdo/ iru lqvwdqfh/ zlwk jdphv zkhuh wkh sod|hu*v
fkrlfh ghshqgv sulpdulo| rq wkh fkrlfhv ri wkh sod|huv forvh wr klp4/ l1h1/
zkhuh wkh sod|hu |*v fkrlfh ghshqgv rq wkh dfwlrqv ri wkh sod|huv ehorqjlqj
wr d qhljkerukrrg ri |1

Lq wkh iroorzlqj/ L zloo uhihu wr wkh qrqdwrplf jdphv ehorqjlqj wr wkh jhq0
hudol}hg fodvv gh�qhg deryh/ dv qrqdwrplf jdphv zlwk �olplwhg dqrq|plw|�1

Ilqdoo|/ L zloo suhvhqw wkuhh h{dpsohv ri qrqdwrplf jdphv zlwk �olplwhg
dqrq|plw|� wkdw pd| khos wr hydoxdwh vrph ihdwxuhv ri wkh htxloleuld dulvlqj1

5 Wkuhh surriv ri h{lvwhqfh
Lq wklv vhfwlrq L suhvhqw wkh wkuhh dssurdfkhv wr suryh wkh h{lvwhqfh ri d
Qdvk htxloleulxp lq d qrupdo irup qrqdwrplf jdph1 Wkh �uvw zloo eh wkh
Vfkphlgohu*v surri/ iroorzhg e| wkdw ri Udwk dqg wkdw ri Pdv Frohoo1 L zloo
vlpso| suhvhqw txlwh lqirupdoo| wkh iudphzrun dqg wkh uhvxowv/ zkhuhdv L zloo
suhvhqw d irupdo surri lq wkh qh{w vhfwlrq wr ghulyh wkh h{whqvlrq ghvfulehg
lq wkh lqwurgxfwlrq1

Wkh frpprq iudphzrun dqg qrwdwlrq iru wkh wkuhh surriv lv wkh iroorzlqj1
Vshfl�fdwlrqv dqg sduwlfxodulwlhv zloo eh uhpdunhg iru hdfk rqh1

A ' dfc �o lv/ zlwkrxw orvv ri jhqhudolw|/ wkh vhw ri sod|huv hqgrzhg zlwk
wkh Ohehvjxh phdvxuh b�

Wkhuh duh ? srvvleoh dowhuqdwlyhv +dfwlrqv, hdfk ri wkhp uhsuhvhqwhg e|
d xqlw yhfwruv lq ??c wkdw lv/ wkh yhfwru e� lv wkh xqlw yhfwru zlwk 4 dv �0wk

4Zh wklqn wr d vruw ri lq xhqfh zlwk d olplwhg h{whqw ri gl�xvlrq1
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frruglqdwh dqg }hur rwkhuzlvh dqg lw lv dvvrfldwhg zlwk wkh �0wk dowhuqdwlyh1
Wkhuhiruh wkh vhw ri dowhuqdwlyhv lv . ' ie�c ���c e?j�

Wkh frqyh{ kxoo e. ' SJ?�Eie�c ���c e?j� lv wkh vhw ri wkh doo srvvleoh pl{hg
vwudwhjlhv1 Wkhuhiruh wkh sxuh vwudwhj| e� lv d sduwlfxodu pl{hg vwudwhj|/ dv
xvxdo1

D pl{hg vwudwhj| sur�oh lv d phdvxudeoh ixqfwlrq es G A $ e. wkdw dvvr0
fldwhv wr hdfk sod|hu | 5 A dq hohphqw ri e. ghqrwhg dv wkh q0yhfwru E es �c ���c es?�
zkhuh es � lv wkh uhdo ydoxhg frpsrqhqw iurp A wr dfc �o1 Lq rwkhu zrugv/ zh
dvvrfldwh wr hdfk | wkh suredelolw| ri sod|lqj hdfk dowhuqdwlyh1 e8 lv wkh vhw
ri doo srvvleoh vwudwhj| sur�ohv1

D sxuh vwudwhj| sur�oh lv d phdvxudeoh ixqfwlrq s G A $ . wkdw dvvrfldwhv
wr hdfk | 5 A dq hohphqw ri . ghqrwhg dv wkh q0yhfwru Es�c ���c s?� zkhuh s �

lv wkh lqwhjhu ydoxhg frpsrqhqw iurp A wr ifc �j1 8 lv wkh vhw ri doo srvvleoh
vwudwhj| sur�ohv1

Zh ghqrwh 7 ' iU
A
sE|�_bms 5 8j wkh vhw ri doo Ohehvjxh lqwhjudov ri

wkh vwudwhj| sur�oh gh�qhg dv E
U
A
s �E|�_bc ���c

U
A
s?E|�_b�/ ru/ lq zrugv/ wkh

Ohehvjxh lqwhjudo ri wkh yhfwru s lv wkh lqwhjudo ri doo lwv frruglqdwhv1 Ilqdoo|/
zh ghqrwh zlwk r dq hohphqw ri 71 Lw lv lpsruwdqw wr uhpdun wkdw 7 fdq eh
lghqwl�hg e| wkh vlpsoh{ lq ??1

514 Vfkphlgohu +4<:6,

Vfkphlgohu suryhv wzr uhvxowv= wkh h{lvwhqfh ri d Qdvk htxloleulxp dqg wkh
h{lvwhqfh ri d Qdvk htxloleulxp lq sxuh vwudwhjlhv iru wkh qrqdwrplf jdphv1

Wkh vhw e8 / wkh vhw ri doo pl{hg vwudwhj| sur�ohv/ lv hqgrzhg zlwk wkh u�
zhdn wrsrorj|1 Wklv vhw lv d frpsdfw/ frqyh{ vxevhw ri d orfdoo| frqyh{ olqhdu
wrsrorjlfdo vsdfh1

Qrz/ zh gh�qh dq dx{loldu| ixqfwlrq �E�c �� G A � e8 $ ??1 Lwv frpsrqhqw
��E|c es� ghvfulehv wkh xwlolw| ri sod|hu | 5 A sod|lqj e� zkhq doprvw hyhu|
sod|hu fkrrvhv es / l1h1 hdfk sod|hu sod|v klv pl{hg vwudwhj|/ dqg sod|hu |
fkrrvhv wkh sxuh vwudwhj| e�1 Vr wkh sd|r� ri sod|hu | lv gh�qhg dv

�|E es� ' esE|� � �E|c es�
ru wkh lqqhu surgxfw lq ??1 Wkxv/ wkh sd|r�/ sod|lqj wkh pl{hg vwudwhj|/ lv
vlpso| dq h{shfwhg sd|r� rewdlqhg xvlqj wkh suredelolw| glvwulexwlrq uhsuh0
vhqwhg e| wkh pl{hg vwudwhj|1
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E| qrz zh kdyh ghvfulehg wkh qrupdo irup ri wkh jdph1
Zh qhhg wzr dvvxpswlrqv1

41 Iru doo | 5 A / �E|c �� lv frqwlqxrxv rq e8�

51 Iru doo es lq e8 dqg �c � ' �c ���c ? wkh vhw i| 5 A m��E|c es� : ��E|c es�j lv
phdvxudeoh1 Lq zrugv/ wklv lv wkh vhw ri doo wkrvh sod|huv wkdw suhihu wkh
sxuh vwudwhj| e� wr wkh sxuh vwudwhj| e�/ jlyhq es 1

Gh�qlwlrq 4 D vwudwhj| sur�oh es lv d Qdvk Htxloleulxp l�
;6 5 e. �|E es� � 6 � �E|c es� d1h1

Gh�qlwlrq 5 D vwudwhj| sur�oh R 5 e8 lv fdoohg sxuh li dqg rqo| li doprvw
hdfk sod|hu fkrrvhv d sxuh vwudwhj|1

Qrz zh fdq vwdwh wkh wzr uhvxowv ri Vfkphlgohu1

Wkhruhp 6 D qrqdwrplf jdph lq qrupdo irup ixo�oolqj frqglwlrqv +4, dqg
+5, kdv d Qdvk Htxloleulxp1

Wkhruhp 7 Li/ lq dgglwlrq wr wkh frqglwlrqv ri Wkhruhp 6/ d1h1/ �E|c es� gh0
shqgv rqo| rq

U
A
esc wkhq wkhuh lv d Qdvk htxloleulxp lq sxuh vwudwhjlhv1

Wkh surri ri wkh Wkhruhp 6 lv/ dv xvxdo/ edvhg rq d �{hg srlqw dujxphqw1
Vfkphlgohu �uvw gh�qhv wkh ehvw uhso| fruuhvsrqghqfh iru wkh sod|hu | dqg

jlyhq wkh vwudwhj| sur�oh es dv

�E|c es� ' i6 5 e.m;6� 5 e. G 6 � �E|c es� � 6� � �E|c es�j
Wkh ehvw uhso| fruuhvsrqghqfh lv frqyh{ ydoxhg dqg/ vlqfh �E�c �� lv frq0

wlqxrxv rq e8 c lw lv qrq hpsw| dqg kdv forvhg judsk1 Wkh pdlq lqwhuhvw ri
wkh surri olhv lq wkh iroorzlqj fruuhvsrqghqfh k G e8 $ e8 gh�qhg dv=

kE es� ' ie} 5 e8 m d1h1 e}E|� 5 �E|c es�j
Vxfk d ixqfwlrq dvvrfldwhv wr hdfk pl{hg vwudwhj| sur�oh wkh vhw ri wkh pl{hg
vwudwhj| sur�ohv zlwk wkh surshuw| wkdw iru doprvw hyhu| sod|hu/ wkh pl{hg
vwudwhj| sod|hg e| sod|hu | ehorqjv wr wkh ehvw uhso| fruuhvsrqghqfh ri |/
jlyhq wkh vwudwhj| sur�oh es� Wkdw lv kE es� lv wkh vhw ri wkh ehvw uhvsrqvhv

:



sur�oh ri doo djhqwv idflqj wkh sur�oh es / ru lq rwkhu zrugv/ wkh vhw ri wkh
ehvw ghyldwlrq sur�ohv jlyhq es� Lw lv fohdu iurp qrz wkdw li wkh ehvw ghyldwlrq
sur�oh wr es lv es / wkhq es lv d Qdvk htxloleulxp1 Khqfh/ zh zdqw wkh ixqfwlrq
kE es� kdylqj d �{hg srlqw1 Lqghhg Vfkphlgohu vkrzv wkdw kE es� lv qrq hpsw|/
frqyh{ dqg lw kdv forvhg judsk1 Wkhuhiruh/ e| wkh Idq0Jolfnvehuj �{hg srlqw
wkhruhp d �{hg srlqw h{lvwv dqg wkh surri lv grqh1

Wkhruhp 7 lv d fruroodu| ri Wkhruhp 61
Zh kdyh wr vkrz wkdw wkhuh h{lvwv d sxuh vwudwhj| sur�oh R wkdw kdv wkh

vdph Ohehvjxh lqwhjudo ri wkh pl{hg vwudwhj| sur�oh ri htxloleulxp esW dqg
vxfk d sxuh vwudwhj| sur�oh ehorqjv iru doprvw doo sod|huv wr wkh uhvshfwlyh
ehvw uhso| fruuhvsrqghqfh/ jlyhq es W1 Lq rwkhu zrugv/ zh qhhg wkdw wkh h�hfw
rq wkh sd|r� ri wkh wzr vwudwhjlhv lv wkh vdph/ vlqfh zh dvvxphg wkdw wkh
sd|r�v ghshqg rq

U
A
es / dqg wkdw wkh sod|hu lv lqgl�huhqw ehwzhhq sod|lqj

wkh sxuh vwudwhj| ru wkh pl{hg vwudwhj| ri htxloleulxp/ vlqfh erwk R dqg es W
ehorqj wr �E|c es W�1 Urxjko| vshdnlqj/ R lv dq �dowhuqdwlyh� dv jrrg dv esW iru
doprvw doo sod|huv1

Vlqfh �E|c esW� lv frqyh{ ydoxhg/ li pruh wkdq rqh sxuh vwudwhj| ehorqjv
wr �E�c �� wkhuhiruh doo wkh pl{hg vwudwhjlhv +@frqyh{ frpelqdwlrqv, wkdw dv0
vljq srvlwlyh suredelolwlhv rqo| wr wkhvh dowhuqdwlyhv/ ehorqj wr �E�c ��1 Pruh
irupdoo|/

�E|c es W� ' SJ?�Eie�me� 5 �E|c es W�j�
Wr vkrz wklv/ zh xvh dq lqwxlwlyh dujxphqw1 Vxssrvh wkdw �E|c esW� '

ie�c e2j� E| wkh gh�qlwlrq ri lqwhjudwlrq ri fruuhvsrqghqfh/ zh nqrz wkdwU
A
ie�c e2j_b ' iE@c � � @c fc ���c f� iru doo @ 5 dfc �oj1 Wklv lv qrwlqj hovh wkdw

wkh frqyh{ kxoo ri ie�c e2j1 Qrz/ li zh lqwhjudwh wkh vhw iE@c � � @c fc ���c f�
iru doo @ 5 dfc �oj zh rewdlq wkh vdph vhw/ ehfdxvh d olqhdu frpelqdwlrq
ri wzr hohphqwv ri dqrwkhu olqhdu frpelqdwlrq ehorqjv wr wklv odvw olqhdu
frpelqdwlrq1

Lqghhg zh kdyh=

]
A

�E|c es W� ' ]
A

ie�me� 5 �E|c es W�j
E| gh�qlwlrq/ wkh Ohehvjxh lqwhjudo ri d fruuhvsrqghqfh lv wkh vhw ri

Ohehvjxh lqwhjudov ri doo lqwhjudeoh vhohfwlrqv ehorqjlqj wr wkh fruuhvsrq0

;



ghqfh1 Wkhuhiruh zh kdyh wkdw=]
A

�E|c es W� ' �]
A

R m R 5 e8 dqg d1h1 RE|� 5 �E|c es W��

]
A

ie�me� 5 �E|c es W�j '

�]
A

R m R 5 e8 dqg d1h1 RE|� 5 ie�me� 5 �E|c esW�j�

Fohduo| d vhohfwlrq ri wkh vhw ie�me� 5 �E|c es W�j lv d sur�oh ri sxuh vwudwhj|1
Uhfdoo wkdw

U
A
es W 5 U

A
�E|c es W�/ vlqfh es W lv d vhohfwlrq ri �E|c es W�1 Frpelqlqj

wkh wzr htxdolwlhv deryh/ zh kdyh wkdw
U
A
es W 5 qU

A
R m R 5 e8 dqg d1h1 RE|� 5 ie�me� 5 �E|c es W�jr

dqg wkhuhiruh wkhuh h{lvwv d sxuh vwudwhj| sur�oh zlwk wkh vdph lqwhjudo ries W wkdw dovr ehorqjv wr �E|c esW� iru doprvw doo |1
Wkh phdvxudelolw| frqglwlrq +5, hqvxuhv wkdw hyhu|wklqj lv lqwhjudeoh1

Wkh pdlq uhvxow lv vxuho| wkh h{lvwhqfh lq sxuh vwudwhjlhv1 Qrwlfh wkdw lw
lv hqvxuhg zkhq wkh sd|r� ixqfwlrq ghshqgv rq wkh dyhudjh vwudwhj| sod|hg
e| wkh rwkhu sod|huv/ l1h1/ rq wkhlu glvwulexwlrq ryhu wkh dowhuqdwlyhv1 Dq
lqwhusuhwdwlrq ri pl{hg vwudwhjlhv lq wkh �qlwh jdph lv vlpso| rewdlqdeoh e|
wklv ihdwxuh1 Khqfh/ zh fdq lpdjlqh d pl{hg vwudwhj| ri d �qlwh jdph dv wkh
glvwulexwlrq ri d frqwlqxxp ri sod|huv ryhu wkh dowhuqdwlyhv lq d qrqdwrplf
jdph1

515 Udwk +4<<5,

Udwk suryhv gluhfwo| wkh h{lvwhqfh ri d sxuh vwudwhj| Qdvk htxloleulxp/ dv0
vxplqj wkdw wkh sd|r� ixqfwlrqv ghshqg rq wkh dyhudjh uhvsrqvh ri wkh rwkhu
sod|huv1 Wklv vlpso| phdqv/ dv lq Vfkphlgohu/ wkdw wkh sd|r� ixqfwlrqv gh0
shqg rq wkh Ohehvjxh lqwhjudo ri wkh vwudwhj| sur�oh1 Zkdw gl�huv iurp wkh
Vfkphlgohu*v surri lv wkh idfw wkdw khuh wkh h{lvwhqfh lq sxuh vwudwhjlhv lv
suryhg gluhfwo|/ l1h1/ zlwkrxw sdvvlqj wkurxjk wkh pl{hg vwudwhjlhv sur�oh 1
Qrw rqo|/ wkh surri lv pxfk vlpsohu/ lv edvhg rq wkh ehvw uhso| fruuhvsrq0
ghqfhv dqg vlpso| dssolhv wkh Ndnxwdql*v �{hg srlqw wkhruhp1

Vlqfh zh frqvlghu rqo| wkh sxuh vwudwhj| h{lvwhqfh/ zh frqvlghu rqo| wkh
fodvv ri dqrq|prxv qrqdwrplf jdphv/ l1h1/ dv lq Wkhruhp 7/ wkh fodvv ri
qrqdwrplf jdphv zkrvh sd|r� ixqfwlrqv ghshqg rqo| rq wkh Ohehvjxh lq0
whjudo ri wkh +sxuh, vwudwhj| sur�oh1 Lqghhg/ zh frqvlghu wkh fodvv ri sd|r�

<



ixqfwlrq L ' i� G A � . � 7 $ ?j/ uhdo ydoxhg dqg frqwlqxrxv rq . � 71
Wklv uhvwulfwlrq lv wkh dvvxpswlrq 4 lq wkh Vfkphlgohu iudphzrun1

Qrwlfh wkdw/ dv lq Wkhruhp 7/ wkh Udwk*v sd|r� ixqfwlrqv duh gh�qhg
rq 7/ wkh vhw ri wkh Ohehvjxh lqwhjudov ri wkh vwudwhj| sur�ohv51 Pruhryhu/
khuh zh kdyh wr pdnh dssduhqw wkh ghshqgdqfh iurp wkh fkrvhq dowhuqdwlyh/
zkloh zlwk wkh Vfkphlgohu iudphzrun lq pl{hg vwudwhjlhv wklv ghshqgdqfh
zdv lpsolflw rq wkh gh�qlwlrq ri wkh sd|r� ixqfwlrq dv d lqqhu surgxfw/ ru dv
dq h{shfwhg sd|r� ixqfwlrq1

Gh�qlwlrq 8 D Qdvk htxloleulxp ri d jdph lv d sxuh vwudwhj| sur�oh s 5 8
vxfk wkdw iru doprvw hyhu| w/ �E|c sE|�c

U
A
s� � �E|c e�c

U
A
s� ;e� 5 .�

Zh qhhg wkh iroorzlqj dvvxpswlrq/ frpsohwho| sdudooho wr wkh dvvxpswlrq
51

Iru dq| r 5 7 dqg e�c e� 5 ./ wkh vhw i| 5 A m�E|c e�c r� : �E|c e�c r�j lv
phdvxudeoh1

Jlyhq wklv iudphzrun/ wkh pdlq uhvxow lv=

Wkhruhp 9 Xqghu wkh dvvxpswlrq deryh/ hyhu| qrqdwrplf jdph zlwk sd|r�
ixqfwlrq ehorqjlqj wr wkh fodvv X/ kdv d Qdvk Htxloleulxp lq sxuh vwudwhjlhv1

Dv phqwlrqhg deryh/ wkh surri lv edvhg rq d �{hg srlqw dujxphqw dqg
qdpho| fdoov iru wkh Ndnxwdql*v �{hg srlqw wkhruhp1 Vlqfh iurp wkh ehjlqqlqj
rqo| wkh dqrq|prxv qrqdwrplf jdphv duh frqvlghuhg/ wkh surri lv juhdwo|
vlpsol�hg1 Wkh lghqwl�fdwlrq ri 7 zlwk wkh vlpsoh{ lq?? doorzv xv wr frqvlghu
rqo| d �qlwh glphqvlrq Hxfolghdq vsdfh1

Wkh �uvw vwhs lv wr gh�qh wkh ehvw uhso| fruuhvsrqghqfh � G A � 7 $ .
e|

�E|c r� ' i@ 5 .m�E|c @c r� � �E|c e�c r� ;e� 5 .j

Qrwlfh wkdw rc uhsuhvhqwlqj wkh Ohehvjxh lqwhjudo ri d vwudwhj| sur�oh/ lv
wkh glvwulexwlrq ri wkh sod|huv ryhu wkh dowhuqdwlyhv1 Jlyhq vxfk d glvwulex0
wlrq/ �E|c r� lv wkh vhw ri wkh ehvw uhvsrqvhv iru |1

5Qrwlfh dovr wkdw wkh vhw ri Ohehvjxh lqwhjudov ri pl{hg vwudwhj| sur�ohv frlqflgh zlwk
wkh vhw ri Ohehvjxh lqwhjudov ri sxuh vwudwhj| sur�ohv1

43



Jlyhq wkh frqwlqxlw| ri wkh xwlolw| ixqfwlrq/ wklv fruuhvsrqghqfh lv qrq
hpsw| dqg kdv forvhg judsk1

Wkh vhfrqg dqg lqwhuhvwlqj vwhs ri wkh surri lv wr gh�qh wkh fruuhvsrq0
ghqfh K G 7 $ 7 e|

KEr� '

]
A

�E|c r�_b

Li wkh fruuhvsrqghqfh K kdg d �{hg srlqw/ wkhq lw zrxog h{lvw d sxuh
vwudwhj| sur�oh s W vxfk wkdw

U
A
sW_b ' rW 5 U

A
�E|c rW�_b1 Wklv zrxog

phdq wkdw s Wlv d vhohfwlrq ri �E|c rW� ru wkdw iru doprvw doo |/ wkh vwudwhj|
s WE|� ehorqjv wr wkh ehvw uhso| ri |1 Wkhq wkh sur�oh s W zrxog eh d Qdvk
Htxloleulxp1 Lq idfw/ Udwk vkrzv wkdw KEr� lv qrq hpsw| dqg frqyh{ dqg kdv
forvhg judsk1 Wkhuhiruh/ e| wkh Ndnxwdql*v wkhruhp/ KEr� kdv d �{hg srlqw1

Zh zloo xvh wklv nlqg ri surri wr vkrz wkh h{whqvlrq phqwlrqhg lq wkh
lqwurgxfwlrq dqg glvfxvvhg lq wkh qh{w vhfwlrq1Pdv0Frohoo +4<;7,1

516 Pdv0Frohoo +4<;7,

Wkh Pdv0Frohoo*v zrun lv txlwh gl�huhqw iurp wkh suhylrxv wzr ehfdxvh kh
gluhfwo| frqvlghuv wkh +suredelolw|, glvwulexwlrq ri wkh sod|huv udwkhu wkdq
wkh Ohehvjxh lqwhjudo ri wkh vwudwhj| sur�oh dv dq dujxphqw ri wkh sd|r�
ixqfwlrqv1 Wkhuhiruh wkh nlqg ri surri lv txlwh gl�huhqw dqg lw lv qrw edvhg
rq wkh surshuwlhv ri wkh Ohehvjxh lqwhjudwlrq1

Dv Udwk/ kh vkrzv wkh h{lvwhqfh ri dq htxloleulxp lq sxuh vwudwhjlhv1
Ohw xv suhvhqw wkh iudphzrun1
. lv dozd|v wkh vhw ri dfwlrqv61 Zh frqvlghu wkh vhw ri doo srvvleoh sured0

elolw| glvwulexwlrq rq .� Fohduo|/ vxfk d vhw lv wkh vlpsoh{ lq ??/ l1h1 wkh vhw
77�

D sod|hu lv frpsohwho| fkdudfwhul}hg e| d frqwlqxrxv xwlolw| ixqfwlrq

� G . � 7 $ ?
6Dfwxdoo|/ Pdv0Frohoo lv pxfk pruh jhqhudo/ doorzlqj iru dq| qrq hpsw| dqg frpsdfw

phwulf vsdfh1
7Djdlq/ wkh dxwkru lv pxfk pruh jhqhudo dqg frqvlghuv wkh vhw ri wkh Eruho suredelolw|

phdvxuhv rq wkh dfwlrq vsdfh/ hqgrzhg zlwk wkh zhdn frqyhujhqfh wrsrorj|1 Khuh zh
pdnh wklv vlpsol�fdwlrq wr xqli| rxu suhvhqwdwlrq ri wkh wkuhh dssurdfkhv wr suryh wkh
Qdvk Htxloleulxp h{lvwhqfh lq wkh qrqdwrplf jdphv1
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Wklv lv dqrwkhu zd| wr doorz hdfk sod|hu kdyh d srvvleoh gl�huhqw xwlolw|
ixqfwlrq1 Lq wkh iroorzlqj zh qdph d sod|hu e| klv xwlolw| ixqfwlrq1 Lq
sduwlfxodu/ jlyhq dq dfwlrq e� 5 . dqg d glvwulexwlrq r 5 7/ �Ee�c r� lv wkh
xwlolw| hqmr|hg e| wkh sod|hu1 Qrwlfh wkdw xvlqj wkh frqfhsw ri glvwulexwlrq/
zh frqvlghu dqrq|prxv qrqdwrplf jdphv/ h{dfwo| dv lq Vfkphlgohu +Wkhruhp
7, dqg lq Udwk1

L. lv wkh vsdfh ri doo frqwlqxrxv xwlolw| ixqfwlrq �E�c �� hqgrzhg zlwk wkh
vxsuhpxp qrup1 Wklv uhsuhvhqw dovr wkh vsdfh ri sod|huv fkdudfwhulvwlfv1

D jdph zlwk d frqwlqxxp ri sod|huv lv wkhq fkdudfwhul}hg e| d Eruho
phdvxuh > rq L.1 Qrwlfh wkdw khuh wkh �qxpehu� ri sod|huv grhv qrw pdwwhu1
Wkh suredelolw| glvwulexwlrq lv qrupdol}hg dqg zrunv iru doo vhw ri sod|huv1
Zkdw pdwwhuv duh wkh fkdudfwhulvwlfv ri wkh sod|huv ru wkhlu khwhurjhqhlw|1

Gh�qlwlrq : Jlyhq d jdph >/ d Eruho phdvxuh � rq L. � . lv d Qdvk
Htxloleulxp glvwulexwlrq li/ ghqrwlqj �L c �. wkh pdujlqdov ri � rq L. dqg .
uhvshfwlyho|/ zh kdyh

+l, �L ' >
+ll, � EiE�c @�m�E@c �.� � �E@�c �.� ;e� 5 .j� ' �

Ohw xv glvfxvv rq wklv gh�qlwlrq1
Wkh srlqw +l, uhtxluhv vlpso| wkdw doo sod|hu fkdudfwhulvwlfv eh wdnhq lqwr

dffrxqw lq wkh htxloleulxp glvwulexwlrq1 Wkh srlqw +ll, uhtxluhv wkdw iru do0
prvw hdfk fkdudfwhulvwlf/ wkhuh lv d ehvw uhso| dowhuqdwlyh @ 5 . jlyhq wkh
pdujlqdo glvwulexwlrq ri wkh sod|huv ryhu wkh dowhuqdwlyh vhw1 Zh fdq dovr
uhdg vxfk d frqglwlrq dv �wkh suredelolw| ri wkh vhw ri wkh sdluv E�c @� vxfk
wkdw �E@c �.� � �Ee�c �.� ;e� 5 . lv rqh�1

Wkh pdlq uhvxow lv=

Wkhruhp ; Jlyhq d jdph > rq L. wkhuh h{lvwv d Qdvk Htxloleulxp glvwul0
exwlrq1

Wkh surri lv dq dssolfdwlrq ri wkh N| Idq �{hg srlqw wkhruhp1
Ohw xv ghqrwh e| l wkh vhw ri suredelolw| phdvxuhv rq L. � . zlwk wkh

surshuw| wkdw �L ' >/ l1h1/ wkh vhw ri doo wkh glvwulexwlrq wkdw yhul�hv wkh
frqglwlrq +l,1

Jlyhq � 5 l/ �� ' iE�c @�m�E@c �.� � �Ee�c �.� ;e� 5 .j lv wkh vhw ri
doo wkh sdluv E�c @� frqvlghuhg deryh1 Qrz d fruuhvsrqghqfh x G l $ l lv
gh�qhg e|

xE� � ' i� � 5 lm� �E�� � ' �j
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Vxfk d fruuhvsrqghqfh gudzv doo wkh mrlqw glvwulexwlrqv wkdw yhuli| wkh
frqglwlrq +l, dqg +ll, jlyhq wkh mrlqw glvwulexwlrq � 1 Lw lv wkh htxlydohqw lq wklv
frqwh{w ri wkh kE�� ixqfwlrq ri Vfkphlgohu= lw dvvrfldwhv wr hdfk glvwulexwlrq
� wkh +vhw ri wkh, ehvw ghyldwlrq glvwulexwlrq iurp � � Fohduo|/ li d �{hg srlqw
h{lvwv/ wkh glvwulexwlrq � lv d Qdvk Htxloleulxp glvwulexwlrq1 Lq idfw/ vxfk d
fruuhvsrqghqfh lq vkrzq frqyh{ ydoxhg/ xsshu khplfrqwlqxrxv dqg frpsdfw
ydoxhg1 Wkhuhiruh wkhuh h{lvwv d �{hg srlqw e| wkh N| Idq wkhruhp1

Qrwlfh krz vxfk iudphzrun lv yhu| jhqhudo dqg uhodwlyho| orz ghpdqglqj
wr vkrz wkh h{lvwhqfh ri d Qdvk Htxloleulxp lq sxuh vwudwhjlhv1 Zkdw lv gh0
whuplqdqw lv wkh zd| wr gh�qh wkh Qdvk Htxloleulxp glvwulexwlrq1 Wkhuhdiwhu
wkh surfhgxuh lv txlwh xvxdo1

6 Dq h{whqvlrq
Lw lv dssduhqw lq zkdw suhfhghv wkdw wkh h{lvwhqfh ri d sxuh vwudwhj| htxl0
oleulxp lv d frqvhtxhqfh ri wkh sd|r� ixqfwlrq ghshqghqfh ryhu wkh dyhudjh
vwudwhj| ri wkh sod|huv/ l1h1/ ryhu wkh glvwulexwlrq ri wkh sod|huv rq wkh dowhu0
qdwlyhv1 Lq rwkhu zrugv/ wkh htxloleulxp h{lvwhqfh lq sxuh vwudwhjlhv ghshqgv
rq wkh dqrq|plw| dvvxpswlrq1

Qhyhuwkhohvv/ dqrq|plw| lv qrw dozd|v d jrrg uhtxluhphqw li zh duh lqwhu0
hvwhg lq prghoolqj vhwwlqjv zkhuh wkhuh duh gl�huhqw jurxsv ri sod|huv wkdw
kdyh gl�huhqw lpsdfwv rq wkh sd|r� ixqfwlrq dqg vr rq wkh fkrlfh ri d jlyhq
sod|hu1 Rqh pd| lpdjlqh vhyhudo h{dpsohv= iru lqvwdqfh wkh uhvhdufkhu*v wrslf
fkrlfh pd| ghshqg rq wkh glvwulexwlrq ri wkh vwduv dqg rq wkh glvwulexwlrq
ri wkh rwkhu uhvhdufkhuv +d vlwxdwlrq h{dplqhg lq wkh qh{w vhfwlrq,> vwloo/ wkh
gulyhu*v urxwh fkrlfh pd| ghshqg ri wkh glvwulexwlrq ri vhyhudo jurxsv wkdw
duh prylqj dw klv vdph wlph/ vxfk dv vwxghqwv/ zrunhuv/ hpsor|hhv hwf1

Lqvlgh hdfk jurxs wkhuh lv qr uhdvrq wr jlyh xs dqrq|plw|/ exw/ ehwzhhq
wkh jurxsv/ kdylqj frpsohwh dqrq|plw| lpshghv wr prgho fruuhfwo| wkh vhw0
wlqj1 D zd| wr lqwurgxfh d �olplwhg dqrq|plw|� lv wr frqvlghu wkdw wkh
sd|r� ixqfwlrqv ghshqg ryhu vhyhudo dyhudjh uhvsrqvhv/ rqh iru hdfk jurxs1
Lq wklv zd| lv srvvleoh wr frqvlghu wkh gl�huhqw zhljkw wkdw d sduwlfxodu jurxs
ghflvlrq kdv rq wkh fkrlfh ri d jlyhq sod|hu1

Lw lv zruwk wr uhpdun wkdw wkh jurxs gh�qlwlrq kdv wr eh d �{hg sduwlwlrq/
l1h1 lw fdqqrw eh sod|hu0ghshqghqw1 Iru lqvwdqfh/ lw lv qrw srvvleoh/ lq wkh
frqwh{w ri wklv h{whqvlrq/ wr frqvlghu vlwxdwlrqv zkhuh wkh sod|hu |*v sd|r�
ghshqgv pdlqo| rq wkh vwudwhjlhv dgrswhg e| wkh sod|huv forvh wr klp/ l1h1
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ehorqjlqj wr d v|pphwulf qhljkerukrrg �| � A ri |1 Lq wklv fdvh/ zh zrxog
kdyh d elqdu| sduwlwlrq i�|c Aq�|j/ iru hdfk |�

Lq wkh iroorzlqj L zloo vwdwh wkh iudphzrun dqg suryh wkh h{lvwhqfh ri d
vxfk htxloleulxp lq sxuh vwudwhjlhv1 Wkh surri lv dq h{whqvlrq ri wkh Udwk*v
surri1

Frqvlghu d vhw A ' dfc �o wkdw uhsuhvhqwv wkh vhw ri doo sod|huv lq wkh jdph1
Vxfk d vhw lv hqgrzhg zlwk wkh dwrpohvv Ohehvjxh phdvxuh b1 Frqvlghu &
uhdo qxpehuv lq A / ghqrwhg dv � � 	 ��� 	 �&� Ohw � f eh f dqg �& eh � +wkh
erxqgdulhv ri wkh A lqwhuydo,1

Ghqrwh A� ' dfc � �o dqg A� wkh vxevhw o��3�c ��o1 E| frqvwuxfwlrq/ zh kdyh

wkdw
&V

�'�

A� ' A� Wkhuhiruh/ wkh A� vxevhwv uhsuhvhqw wkh jurxsv ri sod|huv

glvfxvvhg deryh1
Wkh vhw ri dowhuqdwlyhv lv wkh vhw ri wkh xqlw yhfwruv lq ?? zkhuh wkh yhfwru

e� kdv rqh dw wkh �0wk frruglqdwh1
D sxuh vwudwhj| sur�oh lv d phdvxudeoh ixqfwlrq s G A $ . zklfk dvvr0

fldwhv dq dowhuqdwlyh wr hdfk sod|hu1
Vlqfh/ li d ixqfwlrq lv lqwhjudeoh rq A / wkhq lw lv lqwhjudeoh rq dq| A�/ zh

ghqrwh zlwk 7� ' iU
A�

s_bms 5 8j iru � ' �c ���c & wkh vhw ri wkh Ohehvjxh
lqwhjudov iru dq| srvvleoh vwudwhj| sur�oh s� Zh ghqrwh dq hohphqw ri 7� dv
r�1 Qrwlfh wkdw 7� � ��� � 7& lv d frpsdfw dqg frqyh{ vxevhw ri ?&f? dqg

wkdw 7� ' iEr��c ���c r?�� 5 ?nm
?S
�'�

r�� ' �� � ��3�j ru wkh E�� � ��3���vlpsoh{
lq ??1

Zh gh�qh wkh sd|r� ixqfwlrq dv

� G A � . � 7� � ���� 7& $ ?

dqg zh uhtxluh wkdw lw lv frqwlqxrxv rq . � 7� � ���� 7&1
Zh dvvxph wkdw i| 5 A m�E|c e�c r�c ���c r&� : �E|c e�c r�c ���c r&�j lv phdvxu0

deoh iru dq| r�c ���c r& dqg iru dq| e�c e� 5 .�

Gh�qlwlrq < D sxuh vwudwhj| sur�oh s 5 8 lv d Qdvk Htxloleulxp li iru
doprvw doo | 5 A / �E|c sE|�c

U
A�
sc ���c

U
A&
s� � �E|c e�c

U
A�
sc ���c

U
A&
s� ;e� 5 .�

Wkh uhvxow ri wklv h{whqvlrq lv=

Wkhruhp 43 Wkh qrupdo irup jdph iAc E� �c ���c �&�c .c �j kdv d Qdvk Htxl0
oleulxp lq sxuh vwudwhjlhv1
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Surri1 Gh�qh wkh ehvw uhso| fruuhvsrqghqfh � G A � 7� � ���� 7& $ .
dv

�E|c r�c ���c r&� ' i@m�E|c @c r�c ���c r&� � �E|c e�c r�c ���c r&� ;e� 5 .j
Iru dq| E|c r�c ���c r&�/ �E|c r�c ���c r&� lv qrq hpsw| ehfdxvh ri wkh �qlwh

qxpehu ri dowhuqdwlyhv dqg ehfdxvh ri wkh frqwlqxlw| ri wkh xwlolw| ixqfwlrq1
Iru dq| | 5 A / �E|c �� kdv forvhg judsk1 Lqghhg/ iru dq| sdlu ri vhtxhqfhv
ir6� c ���c r6& j $ Er�c ���c r&� dqg i@6j $ @ vxfk wkdw @6 5 �E|c r6� c ���c r

6
& � ;6

zh kdyh wkdw �E|c @6c r6� c ���c r
6
& � � �E|c e�c r

6
� c ���c r

6
& � ;e� 5 .1 Vlqfh �E|c �� lv

frqwlqxrxv rq . � 7� � ���� 7& dw wkh olplw zh kdyh wkdw �E|c @c r�c ���c r&� �
�E|c e�c r�c ���c r&� ;e� 5 . dqg wkxv wkh judsk lv forvhg1

Ohw xv gh�qh wkh fruuhvsrqghqfh K G 7� � ���� 7& $ 7� � ���� 7& dv

KEr�c ���c r&� '
&\

�'�

�]
A�

�E|c r�c ���c r&�

�

� K lv qrq hpsw| iru doo r�c ���c r&�

Il{ d sur�oh Er�c ���c r&� 5 7�� ����7&1 Iru dq| e�c e� 5 . gh�qh wkh vhw
T�� ' i| 5 A m�E|c e�c r�c ���c r&� � �E|c e�c r�c ���c r&�j ru wkh vhw ri doo wkrvh
sod|huv wkdw suhihu e� wr e� zkhq idflqj wkh sur�oh Er�c ���c r&�1 Ehfdxvh
ri wkh dvvxpswlrq ri phdvxudelolw|/ vxfk d vhw lv phdvxudeoh1 Qrz zh
frqvwuxfw d sduwlwlrq ri A vwduwlqj iurp wkh idplo| ri vhw T��1 T� '

W
� �'�

T��

lv wkh vhw ri sod|huv wkdw suhihu e� wr dq| rwkhu dowhuqdwlyh1 Vxfk d vhw
lv phdvxudeoh1 Ohw T �

� ' T� dqg T �
� ' T� _ E^�	�T

�
� �

S iru � ' 2c ���c ?� E|
frqvwuxfwlrq iT �

� c ���c T
�
?j lv d sduwlwlrq ri A ri phdvxudeoh vxevhwv1

Ohw xv gh�qh wkh ixqfwlrq } G A $ . dv }E|� ' e� li | 5 T �
� 1 Wkhuhiruh

}E�� lv phdvxudeoh e| gh�qlwlrq dqg }E|� 5 �E|c r�c ���c r&� iru doo | 5 A /
vlqfh }E|� uhsuhvhqwv wkh ehvw uhvsrqvh iru |/ e| frqvwuxfwlrq1 Wkhuhiruh
iru dq| Er�c ���c r&� wkhuh h{lvwv d phdvxudeoh vhohfwlrq ri �E�c r�c ���c r&�
uhsuhvhqwhg e| }E|�1 Wkxv KEr�c ���c r&� lv qrq hpsw| iru dq| Er�c ���c r&�1

� KE�� lv frqyh{ ydoxhg1

Vlqfh b lv dwrpohvv KE�� lv frqyh{ ydoxhg +wklv frphv iurp wkh gh�qlwlrq
ri Ohehvjxh lqwhjudo ri d fruuhvsrqghqfh,

� KE�� kdv forvhg judsk +dqg wkhuhiruh lw lv xsshu khplfrqwlqxrxv vlqfh
wkh lpdjh vhw lv frpsdfw,1
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Ohw wkh ixqfwlrq M G A $ ?? gh�qhg dv �E|� ' E�c ���c �� ' e ;| 5 A 1
Fohduo| �E�� lv erxqghg dv zhoo dv

U
A
�E|�_b1 Wkhuhiruh wkh vwudwhj|

sur�oh sE|� � �E|� ;| 5 A dqg ;s 5 8 / vlqfh sE|� lv d xqlw yhfwru iru doo
|1 Jlyhq wkdw zh vkrzhg �E|c �� kdylqj forvhg judsk/ K kdv forvhg judsk
vlqfh dq| srvvleoh vhohfwlrq lv erxqghg +Dxpdqq*v wkhruhp +4<:9, ru
�lqwhjudwlrq suhvhuyhv xsshu khplfrqwlqxlw|�,1

E| wkh Ndnxwdql*v �{hg srlqw wkhruhp/ K kdv d �{hg srlqw ErW�c ���c r
W
&�1

Wkhuhiruh lw h{lvwv d sxuh vwudwhj| sur�oh s W 5 8 vxfk wkdw
&T

�'�

U
A�

s W_b '

ErW�c ���c r
W
&� 5 KErW�c ���c r

W
&� dqg wkxv s W 5 �E|c rW�c ���c r

W
&� iru doprvw doo | 5 A

ru/ htxlydohqwo|/ s WE|� lv d vhohfwlrq ri �E|c rW�c ���c r
W
&� iru doprvw doo | 5 A / ru/

djdlq/ s W lv d sxuh vwudwhj| Qdvk Htxloleulxp1
Wklv surri forvho| iroorzv wkh surfhgxuh irxqg e| Udwk1 Wkh pdlq h{whq0

vlrq lv uhsuhvhqwhg e| wkh gh�qlwlrq ri wkh K fruuhvsrqghqfh dv d Fduwhvldq
surgxfw ri Ohehvjxh lqwhjudov/ udwkhu wkdq d vlpsoh Ohehvjxh lqwhjudo ri wkh
ehvw uhso| fruuhvsrqghqfh1

7 Wkuhh dssolfdwlrqv1
Dv phqwlrqhg lq wkh lqwurgxfwru| vhfwlrq/ wkh iroorzlqj wkuhh dssolfdwlrqv
frqfhuq derxw krz wkh uhvhdufkhuv glvwulexwh wkhpvhoyhv ryhu wkh srvvleoh
dowhuqdwlyh vwxglhv1 Pdq| lghdv frqwdlqhg khuh duh xvxdo lq wkh hfrqrplfv ri
vflhqfh/ dv lqwhqghg e| S1H1 Vwhskdq +4<<9, dqg e| S1 Gdvjxswd dqg S1D1
Gdylg +4<<7,1 Lq hdfk vxevhfwlrq L eulh | ghvfuleh wkh �hfrqrplfv ri vflhqfh�
skhqrphqrq xqghuo|lqj wkh jdph vwuxfwxuh1 Iru pruh ghwdlov |rx fdq uhihu
wr O1 Urffr +5333,1

714 [hqrskreld lq uhvhdufk1

Zh frqvlghu wzr jurxsv ri uhvhdufkhuv/ wkh vwduv dqg wkh �frpprq� uh0
vhdufkhuv1 Hpslulfdo vwxglhv vkrzhg wkdw wkh 9( ri doo uhvhdufkhuv surgxfhv
kdoi ri wkh sdshuv +wkh vr fdoohg �Orwnd odz�,1 Zh vxssrvh wkdw wkh uh0
vhdufkhuv frpshwh ehwzhhq wkhp wr pd{lpl}h dq lqgh{ ri uhsxwdwlrq/ vd|
wkh lqgh{ ri flwdwlrq1 Vlqfh wklv lqgh{ lv dq lqgh{ ri lpsdfw ri wkh lqglylgxdo
vflhqwl�f surgxfwlrq/ wkh uhvhdufkhuv duh lqwhuhvwhg lq h{huflvlqj d frqvlghu0
deoh h�ruw lq �pdunhwlqj dfwlylwlhv� wr pdnh wkhlu zrun nqrzq1 Vxfk dfwly0
lwlhv fdq eh zrunvkrs rujdql}dwlrq ru rq0olqh sxeolfdwlrq ri wkh sdshuv/ ru
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sduwlflsdwlrq wr vhyhudo dqg gl�huhqw phhwlqjv1 Vxfk dfwlylw| lqfuhdvhv wkh
qdwxudo srvlwlyh h{whuqdolwlhv ehwzhhq uhvhdufkhuv zklfk zrun rq wkh vdph
wrslf/ pdnlqj uhvhdufk dqg vr sxeolfdwlrq hdvlhu dqg pruh suredeoh uhvshf0
wlyho|1 Sxeolfdwlrq lv pruh suredeoh ehfdxvh d wrslf ghdow e| d odujh pdvv
ri uhvhdufkhuv kdv dovr d odujh dxglhqfh1 Dovr wkh srvvlelolw| ri frdxwkruvkls
lv lqfuhdvhg/ ehlqj frdxwkruvkls hlwkhu d zd| wr irupdol}h d frrshudwlrq ru d
jrrg vwudwhj| wr lqfuhdvh wkh lqglylgxdo vflhqwl�f surgxfwlrq1

Krzhyhu lw lv dssduhqw lq pdq| �hogv ri uhvhdufk wkdw wkhuh lv d foxvwhul0
}dwlrq lq wkh uhvhdufk frppxqlw|= lw lv hdvlhu wr ehqh�w iurp wkh h{whuqdolwlhv
ru iurp wkh frrshudwlrq ri phpehuv ehorqjlqj wr wkh vdph jurxs1 Lqghhg/
vwduv frrshudwh zlwk rwkhu vwduv ru sduwlflsdwh wr phhwlqjv zkhuh rwkhu vwduv
duh suhvhqw pruh riwhq wkdq wkh| gr zlwk �frpprq� uhvhdufkhuv1 Lq d vhqvh/
vwduv ihdu wkh srvvlelolw| wkdw �frpprq� uhvhdufkhuv dfw dv iuhh ulghuv rq
wkhp dqg ehqh�w doprvw iru iuhh ri wkh vwdu*v uhsxwdwlrq1 Ehlqj d vwdu ru qrw
lv d wdj rq zklfk edvlv wkh rwkhu vwduv glvfulplqdwh |rx zkhq wkh| kdyh wr
ghflgh zlwk zkrp wr frrshudwh1

Ohw xv qrz wu| wr irupdol}h khxulvwlfdoo| wkhvh lghdv1
Wkh iudphzrun lv wkdw frqvlghuhg lq wkh vhfwlrq 6 dqg wkh qrwdwlrq lv wkh

vdph1
Frqvlghu d vhw ri sod|huv A ' dfc �o^o�c �o zkhuh wkh iruphu lqwhuydo uhs0

uhvhqw wkh �frpprq� uhvhdufkhuv +jurxs 4, dqg wkh odwwhu wkh vwduv +jurxs
5,1

Wkh vhw ri wrslfv lv elqdu| ru . ' ie�c e2j gh�qhg dv xvxdo e| wkh vhw ri
wkh xqlw yhfwruv1

Wkh sd|r� ixqfwlrqv duh ��Ee�c r�c r2� ' k�r�� n q�r2� iru wkh �frpprq�
uhvhdufkhuv dqg �2Ee�c r�c r2� ' k2r��nq2r2� iru wkh vwduv/ zkhuh k�c q� 5 dfc �o
dqg k� : q� dqg k2 	 q21 Vxfk d irupxodwlrq fdswxuh wkh lghd wkdw zrunlqj
rq wkh vdph wrslf ri rwkhuv lv pruh ydoxdeoh dqg wkdw vxfk h{whuqdolwlhv duh
pruh hdvlo| hqmr|deoh li wkh| frph iurp wkh vdph jurxs1

Wkh ehvw uhso| ixqfwlrq kdv wkh iroorzlqj irup iru erwk jurxsv � ' i�c 2j

��Er�c r2� '

�
e� li k�r�� n q�r2� � k�r�2 n q�r22
e2 rwkhuzlvh

Lq rwkhu zrugv/ jurxs � suhihuv e� iru doo wkh sdluv Er�c r2� deryh wkh
vwudljkw olqh

r�� ' �q�
k�

r2� n
�Ek� � q�� n q�

2k�

4:



Wklv lv d idplo| ri olqhv fhqwhuhg rq E�3�
2
c �
2
� dqg zlwk qhjdwlyh vorsh

ehorqjlqj wr wkh lqwhuydo dfc�4�/ jlyhq wkh srvvleoh ydoxhv ri k� dqg q�1 Lw
lv fohdu wkdw doo wkh olqhv dvvrfldwhg zlwk wkh jurxs 5 duh pruh vorshg/ lq
devroxwh ydoxh/ wkdq wkrvh dvvrfldwhg zlwk wkh jurxs 41

Frqvlghu wkh iroorzlqj slfwxuh dqg qrwlfh wkdw hdfk srlqw fdq eh wkrxjkw
dv d 70wxsoh Er��c r�2c r2�c r22� zkhuh r�2 ' � � r�� dqg r22 ' E�� ��� r2�=

s21 

s11 

1 

1 

1-  (1- )/2 

/2 

1/2

A B 

C

D 

E

F

G 

H
O

Doo wkh sdluv Er�c r2� lq wkh duhd HRIE duh vxfk wkdw erwk jurxsv suhihu
wkh dowhuqdwlyh e�1 Wkhuhiruh wkh xqltxh �{hg srlqw iru wklv uhjlrq lv wkh
srlqw E1 Lqghhg wkh ehvw uhvsrqvh wr wkh srlqw E lv E1

V|pphwulfdoo|/ doo wkh sdluv Er�c r2� lq wkh duhd KRJG ohdg erwk jurxsv
wr fkrvh wkh dowhuqdwlyh e2 dqg wkh xqltxh �{hg srlqw lv G1

Lq wkh uhjlrq KRHD/ jurxs 4 suhihuv e� exw jurxs 5 suhihuv e21 Wkh
rqo| srvvleoh �{hg srlqw lv D dqg wklv uhsuhvhqw wkh vhsdudwlrq htxloleulxp1
Qrqhwkhohvv/ vxfk htxloleulxp h{lvwv rqo| xqghu vrph frqglwlrqv wkdw L zlvk
glvfxvv eulh | ehorz1

Wkh odvw uhjlrq lv JRIF dqg khuh wkh xqltxh �{hg srlqw lv F wkdw dovr
h{lvwv xqghu wkh vdph frqglwlrq iru D1

Wkh h{lvwhqfh ri wkh �{hg srlqwv F dqg D ghshqgv rq wkh sdudphwhuv1
Li � � �

2
zh qhhg wkdw �Ek2 n q2� � q2 ru wkdw iru d vwdu lv pxfk pruh

ydoxdeoh zrunlqj zlwk rwkhu vwduv wkdw zlwk frpprq uhvhdufkhuv Eq2 ::
k2�1 V|pphwulfdoo|/ li � 	 �

2
/ zh qhhg wkdw �Ek� n q�� � q� ru wkdw iru
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d frpprq uhvhdufkhu lv pxfk pruh ydoxdeoh zrunlqj zlwk rwkhuv frpprq
uhvhdufkhv Ek� :: q��1 Wkxv wkh vhsdudwlrq htxloleuld h{lvw li wkh vwduv*
�{hqrskreld� lv kljk hqrxjk1

Reylrxvo|/ wklv frqfoxvlrq lv yhu| zhdn/ vlqfh wkh srrolqj htxloleuld dozd|v
h{lvw/ lqghshqghqwo| ri wkh ghjuhh ri �{hqrskreld�1 Krzhyhu d vx!flhqwo|
kljk ghjuhh ri �{hqrskreld� pd| ohdg wr vhjuhjdwlrq htxloleuld1

715 Zloolqjqhvv ri vhsdudwlrq1

Txlwh xvxdoo|/ rqh pd| revhuyh wkdw wkhuh duh frppxqlwlhv ri uhvhdufkhuv
wkdw dyrlg wkh frpsdulvrq zlwk rwkhuv/ hvshfldoo| zlwk wkh vwduv dqg rujd0
ql}h dq dxwruhihuhqwldo flufoh/ lpshuphdeoh hqrxjk/ wkdw doorzv wkhp wr pdnh
uhvhdufk dqg sxeolvk rq wrslfv wkdw zh pd| vd| uhvhuyhg1 Vxfk d sudfwlfh
doorzv d uhvhdufkhu wr jhw d fhuwdlq uhsxwdwlrq +dq vr d fhuwdlq xwlolw|, uhf0
rjql}hg lqvlgh wkh flufoh/ dovr li lq devroxwh ydoxh wkh txdolw| ru wkh lqwhuhvw
lv orz1 Wkh flufoh pd| dovr hglw d mrxuqdo wkdw irupdol}h lwv dfwlylwlhv1

Vxfk d v|vwhp pd| vxuylyh li wkh vwduv gr qrw zulwh rq wkh uhvhuyhg wrslf
dqg gr qrw sxeolvk rq wkh flufoh*v mrxuqdo1

Ohw xv irupdol}h vxfk lghdv1
Wkh vhw ri sod|huv lv A ' dfc �o^o�c �o/ zlwk wkh vdph lqwhusuhwdwlrq ri

wkh suhylrxv vxevhfwlrq/ wkh dowhuqdwlyhv duh . ' ie�c e2j dqg wkh sd|r�
ixqfwlrq duh ��Ee�c r�c r2� ' Z��Er��c r22���Er��c r2�� zkhuh wkh vxevfulsw � lv
iru wkh jurxsv dqg wkh vxevfulsw � iru wkh dowhuqdwlyhv1 Z��E�� uhsuhvhqwv wkh
suredelolw| wr sxeolvk rq wkh mrxuqdo vshfldol}hg rq wkh wrslf �/ iru wkh jurxs
�1 ��E�� uhsuhvhqwv wkh uhsxwdwlrq ri wkh mrxuqdo � +dqg vr wkh uhsxwdwlrq d
uhvhdufkhu rewdlqv e| sxeolvklqj rq lw,1 Wkh mrxuqdo uhsxwdwlrq lv d ixqfwlrq
ri wkh qxpehu ri frpprq uhvhdufkhuv dqg vwduv wkdw sxeolvk rq lwv sdjhv1
Zh pdnh wkh iroorzlqj vshfl�fdwlrqv=

� Z��Er��c r22� ' Z��Er��� lqfuhdvlqj rq r��

� Z�2Er��c r22� ' Z�2Er22� ghfuhdvlqj rq r22

� Z2�Er��c r22� ' Z2� frqvwdqw

� Z��Er��� : Z�2Er22� ;r��c r22 dqg Z�2E�� �� ' f

� Z2� : Z22

� Z2� : Z��Er��� ;r�� dqg Z22 : Z�2Er22� ;r22
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� ��Efc f� ' �2Efc f�

� ��Er��c r2�� ghfuhdvhv rq r�� dqg lqfuhdvhv rq r2�

� ��Er��c r2�� : f ;�c r��c r2�
Wkh phdqlqj ri doo wkhvh dvvxpswlrqv lv wkdw wkh suredelolw| wr sxeolvk lv

dozd|v kljkhu iru wkh vwduv wkdq iru wkh frpprq uhvhdufkhuv1 Wkh suredelolw|
wr sxeolvk d sdshu rq wkh wrslf 4 lv kljkhu wkdq wkh suredelolw| wr sxeolvk
rq wrslf 5 iru erwk jurxsv/ ru wrslf 4 lv �hdvlhu� wkdq wrslf 51 Krzhyhu/
jurxs 4 idfhv d suredelolw| wr sxeolvk rq wrslf 4 lqfuhdvlqj lq wkh qxpehu
ri phpehuv ri wkh vdph jurxs wkdw zulwhv rq wrslf 4/ zkloh wkh suredelolw|
wr sxeolvk rq wrslf 5 lv ghfuhdvlqj rq wkh qxpehu ri phpehuv ri jurxs 5
wkdw zulwhv rq wrslf 51 Wkhuh duh wzr mrxuqdov wkdw sxeolvk rqo| rqh wrslf1
Wkh uhsxwdwlrq ri wkh mrxuqdo ghshqgv qhjdwlyho| rq wkh qxpehu ri frpprq
uhvhdufkhuv wkdw sxeolvk rq wkdw wrslf dqg ghshqgv srvlwlyho| rq wkh qxpehu
ri vwduv wkdw sxeolvk rq wkdw wrslf1 Wkh sd|r� ri hdfk uhvhdufkhu ghshqgv rq
wkh h{shfwhg uhsxwdwlrq kh uhfhlyhv iurp sxeolvklqj rq d mrxuqdo1

Ohw xv qrz �qg wkh htxloleulxp vhw ri wkh jdph1
Iluvw zh vlpso| vkrz wkdw wkhuh qrw h{lvw htxloleuld zkhuh erwk jurxsv

duh glvwulexwhg rq wkh wzr wrslfv1 Lqghhg wkh frqglwlrq zrxog eh�
Z��Er�����Er��c r2�� ' Z�2Er22��2Er�2c r22�

Z2���Er��c r2�� ' Z22�2Er�2c r22�

Jlyhq wkh frqglwlrqv rq Z�� wkh wzr htxdolwlhv deryh fdq qhyhu eh yhul�hg
vlpxowdqhrxvo|1 Qhlwkhu lw fdq eh srvvleoh wkdw rqh jurxs lv glvwulexwhg rq
wkh wzr wrslfv lq htxloleulxp1

Wkh xqltxh srvvlelolwlhv duh wkh vhsdudwlrq htxloleuld1 Rqo| wkh fdvh zkhuh
doo frpprqv uhvhdufkhuv zulwh rq wrslf 4 +wkh hdvlhvw, dqg doo wkh vwduv zulwh
rq wrslf 5 lv srvvleoh1 Lqghhg wkh fruuhvsrqglqj frqglwlrq�

Z��E����E�c f� � Z�2E�� ���2Efc �� ��

Z2���E�c f� � Z22�2Efc �� ��

lv yhul�hg1
Wkxv wkh frpprq uhvhdufkhuv forvh wkhpvhoyhv lqwr d flufoh wkdw ghdov

rqo| zlwk wrslf 4 dqg sxeolvk rq wkh mrxuqdo 41 Vwduv �qg qrw frqyhqlhqw wr
ghdo zlwk wrslf 4/ hyhq li hdvlhu/ ehfdxvh wkh orz vwdqglqj ri mrxuqdo 41
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716 Wkh sodqhw ri wkh Jrgv1

Khuh zh frqvlghu d vhwwlqj zkhuh wkh sd|r� ri wkh jurxs 4 ghshqgv qhjd0
wlyho| rq wkh qxpehu ri frpprq uhvhdufkhuv wkdw zulwh rq wkh vdph wrslf
dqg srvlwlyho| rq wkh qxpehu ri wkh vwduv1 Wklv vwd|v iru wkh idfw wkdw dq
kljkhu frpshwlwlrq uhgxfhv wkh srvvlelolw| ri sxeolvklqj/ exw wkh suhvhqfh
ri vwduv rq d wrslf lqfuhdvhv lwv lqwhuhvw1 Rq wkh rwkhu kdqg/ wkh vwduv duh
lqwhuhvwhg rqo| rq wkhlu rzq glvwulexwlrq dqg gr qrw fduh rq wkh frpprq
uhvhdufkhuv* ghflvlrq1 Lqghhg wkh vwduv lq xhqfh exw wkh| duh qrw wrxfkhg e|
wkh frpprq uhvhdufkhuv* ghflvlrq1 Zh dovr lpdjlqh wkdw wkh dowhuqdwlyhv duh
rughuhg e| wkhlu ghjuhh ri gl!fxow| dqg lqwhuhvw uhsuhvhqwhg e| wkh sured0
elolw| wr glvfryhu vrphwklqj +d orz suredelolw| vwd|v iru dq kljkhu lqwhuhvw ri
wkh glvfryhu|,1

Wkh irupdo vhwwlqj lv=
A ' dfc �o^o�c �o lv wkh vhw ri wkh sod|huv
. ' ie�c ���c e?j lv wkh vhw ri wkh dowhuqdwlyhv ru ri wkh wrslfv1
Wkh sd|r� ixqfwlrqv duh ��Ee�c r�c r2� ' Z��� Er��c r2�� ;| 5 dfc �o dqg

�2Ee�c r�c r2� ' Z2�-Er2�� ;| 5o�c �o1 Zh dvvxph wkdw �r�� 	 f/ �r2� : f
dqg -r2 : f1 Wkh suredelolwlhv Z�� duh vxfk wkdw Z�� 	 ��� 	 Z�? dqg
Z2� 	 ��� 	 Z2? dqg �qdoo| Z�� 	 Z2� ;� 5 i�c ���c ?j� Lqghhg/ dv lq wkh suhyl0
rxv h{dpsoh/ wkh jurxs 5 kdv dq dgydqwdjh lq whupv ri suredelolw| wr glvfryhu
vrphwklqj ru lw kdv pruh wdohqw1

Pruhryhu zh dvvxph wkdw Z��� Efc r2�� � Z��� Er��c r2�� ;�c r��c r2�1 Wklv
dvvxpswlrq phdqv wkdw iru d frpprq uhvhdufkhu lv dozd|v suhihudeoh d wrslf
zkhuh qr rwkhu frpprq uhvhdufkhuv zrun1

Wkhuhiruh wkh rqo| htxloleulxp glvwulexwlrq lv d glvwulexwlrq zkhuh doo
wrslfv duh fryhuhg1 Lqghhg/ wkh htxloleulxp frqglwlrq lv

Z��� Er��c r2�� ' ��� ' Z�?� Er�?c r2?�

Rq wkh rwkhu kdqg/ wkh jurxs ri vwduv lv xqd�hfwhg e| jurxs 4 dqg d
qhfhvvdu| frqglwlrq iru dq htxloleulxp lv hlwkhu r2� : r2� iru dq| � : � ru
r2� ' f�

Ohw xv qrz vshfli| wkh ixqfwlrqv wr �qg d forvhg irup htxloleulxp1
Ohw � Er��c r2�� '

�
� li r��'f

kr2�3qr�� rwkhuzlvh
dqg -Er2�� ' r2�1 � lv odujh hqrxjk wr

vdwlvi| wkh frqglwlrq rq Z��� Efc r2��1 Pruhryhu zh lpsrvh wkdw Z2� ' E�nB�Z��
zlwk B : f1 Zh frqvlghu rqo| wkh htxloleuld zhuh wkh vwduv* jurxs doorfdwhv
lwvhoi ryhu wkh �uvw 6 wrslfv dqg/ iroorzlqj wkh qhfhvvdu| frqglwlrq/ lq d gh0
fuhdvlqj zd|1 Qrwlfh wkdw/ frqwudu| wr wkh uhtxluhphqwv ri wkh wkhruhp ri
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h{lvwhqfh/ � E�c �� lv qrw dozd|v frqwlqxrxv1 Krzhyhu/ wkh frqvlghuhg glvfrq0
wlqxlw| lv yhu| vshfldo dqg lw grhv qrw suhmxgjh wkh htxloleulxp h{lvwhqfh1

Wkh htxloleulxp frqglwlrq/ jlyhq wkh glvwulexwlrq ri wkh vwduv/ lv

Z��Ekr2� � qr��� ' ��� ' Z�6Ekr26 � qr�6� ' Z�6n�E�qr�6n�� ' ��� ' Z�?E�qr�?�

Uhduudqjlqj/ iru � 5 i�c 6� �j wkh fkdlq ri htxdolwlhv jlyhv

r��n� '
Z��
Z��n�

r�� � k

q
E
Z��
Z��n�

r2� � r2�n��

Iru � 5 i6n �c ?j zh kdyh=

r��n� '
Z��
Z��n�

r��

dqg iru � ' 6n � zh kdyh=

r�� '
Z�6
Z��

r�6 � k

q

Z�6
Z��

r26

Qrz zh frpsxwh wkh glvwulexwlrq ri wkh jurxs 5/ wkh vwduv1
Wkh htxloleulxp frqglwlrq lv

Z��E� n B�r2� ' Z��n�E� n B�r2�n� iru doo � 5 i�c6� �j
E| wkh fkdlq ri htxdolwlhv zh rewdlq vlpso|

r2� '
Z��
Z��

r2� iru � 5 i�c 6j

dqg

r2� ' f iru � 5 i6n �c ?j

Wklv glvwulexwlrq lv d sduw ri dq htxloleulxp li r2� � f dqg li
?S
�'�

r2� ' ���1

Wkhuhiruh zh rewdlq wkdw

r2� '
�� �

Z���
: f

zkhuh � '
6S
�'�

�

Z��
dqg doo frqglwlrqv duh yhul�hg1
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Qrz/ frph edfn wr wkh jurxs 4 glvwulexwlrq1
Vxevwlwxwlqj iru r2�cvxpplqj doo wkh gl�huhqw r�� dqg lpsrvlqj wkh htxdo0

lw| wr �/ zh rewdlq

r�� '
� n k

q
E�� ���

�

Z��E� n��
: f

zkhuh � '
?S

�'6n�

�

Z��
1 Zh kdyh rqo| wr fkhfn wkdw r�6n� � f/ l1h1/ wkh

qxpehu ri uhvhdufkhuv lq wkh �uvw dowhuqdwlyh zlwkrxw vwduv lv srvlwlyh= wklv
lv vx!flhqw wr jxdudqwhh wkh srvlwlylw| ri doo wkh r�� iru � 5 i6n2c ?j1 Vxfk
frqglwlrq lv yhul�hg iru � : k

knq
ru li wkh glphqvlrq ri wkh jurxs 4 lv odujh

hqrxjk1 Wr frqfoxgh/ wkh htxloleulxp ri wklv jdph wkdw zh kdyh frqvlghuhg
fdq eh uhsuhvhqwhg dv lq wkh iroorzlqj slfwxuh1

m Topic1 n 

sji 

s1i 

s2i 

Wkh glvwulexwlrq ri erwk jurxsv ryhu wkh dowhuqdwlyhv lv ghfuhdvlqj/ zlwk
d kljkhu frqfhqwudwlrq ryhu wkh pruh gl!fxow ru lqwhuhvwlqj wrslfv1 Wklv
ihdwxuh lv frpsohwho| h{sodlqhg e| wkh vwduv* glvwulexwlrq h�hfw wkdw pruh wkdq
frpshqvdwhv wkh frpshwlwlrq h�hfw/ vxppdul}hg lq wkh frqglwlrq �r�� 	 f1
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8 Frqfoxvlrqv1
Wklv sdshu pdlqo| dqdo|}hv wkh h{lvwhqfh ri d Qdvk Htxloleulxp lq sxuh
vwudwhjlhv ri wkh fodvv ri qrupdo irup qrqdwrplf jdphv1 Lw suhvhqwv wkuhh
gl�huhqw dssurdfkhv wr wkh sureohp dqg wkh fruuhvsrqglqj surriv ri h{lv0
whqfh1 Iroorzlqj wkh Udwk*v dssurdfk/ wklv sdshu suryhv wkh h{lvwhqfh ri d
Qdvk Htxloleulxp lq sxuh vwudwhjlhv iru wkh fodvv ri qrqdwrplf jdphv zkrvh
sd|r� ixqfwlrqv ghshqg ryhu wkh glvwulexwlrq/ ru wkh Ohehvjxh lqwhjudo/ ri
d �qlwh qxpehu ri sod|huv* vxevhwv1 Wklv h{whqvlrq doorzv wr prgho d pxfk
odujhu vhw ri sureohpv/ jlyhq wkh idfw wkdw lw doorzv wr gl�huhqwldwh wkh sod|0
huv lq jurxsv/ dyrlglqj wkh olplwdwlrq lpsolhg e| d frpsohwh dqrq|plw| +ru
v|pphwu|, dprqj sod|huv1

Wkuhh dssolfdwlrq edvhg rq wkh hfrqrplfv ri vflhqfh �qglqjv duh suhvhqwhg
dv dq looxvwudwlrq ri vrph srvvlelolwlhv rshqhg e| wkh qrqdwrplf jdphv zlwk
olplwhg dqrq|plw|1
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41 Dolsudqwlv/ F1G1/ Exunlqvkdz/ R1 +4<<;, �Sulqflsohv ri Uhdo Dqdo|vlv 0
6ug hglwlrq�/ Dfdghplf Suhvv/ Orqgrq

51 Dxpdqq/ U1M1 +4<:9, �Dq Hohphqwdu| Surri wkdw Lqwhjudwlrq Suhvhuyhv
Xsshuvhplfrqwlqxlw|�/ Mrxuqdo ri Pdwkhpdwlfdo Hfrqrplfv/ yro16/ ss1480
4;

61 Frgrjqdwr/ J1/ Jkrvdo/ V1 +5334, �Vhoi0Ixo�oolqj Phfkdqlvpv dqg Ud0
wlrqdo H{shfwdwlrqv lq Pdunhwv zlwk d Frqwlqxxp ri Wudghuv�/ FHSHW
Glvfxvvlrq Sdshu/ Lqvwlwxwh ri Sxeolf Hfrqrplfv/ Jud} Xqlyhuvlw| 0
Dxvwuld/ q1533404

71 Gdvjxswd/ S1/ Gdylg S1D1 +4<<7, �Wrzdug d Qhz Hfrqrplfv ri Vflhqfh�/
Uhvhdufk Srolf|/ yro156/ q18/ ss17;:0854

81 Gxeh|/ S1/ Vkdsoh|/ O1V1 +4<<7, �Qrqfrrshudwlyh Jhqhudo H{fkdqjh
zlwk d Frqwlqxxp ri Wudghuv= Wzr Prghov�/ Mrxuqdo ri Pdwkhpdwlfdo
Hfrqrplfv/ yro156/ ss158605<6

91 Irujhv/ I1/ Plqhool/ H1 +4<<:, �Vhoi0Ixo�oolqj Phfkdqlvpv dqg Udwlrqdo
H{shfwdwlrqv�/ Mrxuqdo ri Hfrqrplf Wkhru|/ yro1:8/ ss16;;0739

:1 Nrqlvkl/ K1/ Oh Euhwrq/ P1/ Zhehu/ V1 +4<<:d, �Sxuh Vwudwhj| Qdvk
Htxloleulxp lq d Jurxs Irupdwlrq Jdph zlwk Srvlwlyh H{whuqdolwlhv�/
Jdphv dqg Hfrqrplf Ehkdylru/ yro1 54/ ss149404;5

;1 Nrqlvkl/ K1/ Oh Euhwrq/ P1/ Zhehu/ V1 +4<<:e, �Htxloleuld lq d Prgho
zlwk Sduwldo Ulydou|�/ Mrxuqdo ri Hfrqrplf Wkhru|/ yro1:5/ ss1558056:

<1 Pdv0Frohoo/ D1 +4<;7, �Rq d wkhruhp ri Vfkphlgohu�/ Mrxuqdo ri Pdwk0
hpdwlfdo Hfrqrplfv/ q146/ ss1 5340539

431 Udwk/ N1S1 +4<<5, �D Gluhfw Surri ri wkh H{lvwhqfh ri Sxuh Vwudwhj|
Htxloleuld lq Jdphv zlwk d Frqwlqxxp ri Sod|huv�/ Hfrqrplf Wkhru|/
yro15/ ss175:0766

441 Urffr/ O1 +5333, �Vflhqwlvwv* Uhsxwdwlrq Lqglfhv dqg wkh Frqfhqwudwlrq
Skhqrphqrq lq wkh Wrslfv Fkrlfh�/ plphr
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451 Vfkphlgohu/ G1 +4<:6, �HtxloleulxpSrlqwv ri Qrqdwrplf Jdphv�/ Mrxu0
qdo ri Vwdwlvwlfdo Sk|vlfv/ yro1:/ q17/ 5<80633

461 Vwhskdq/ S1H1 +4<<9, �Wkh Hfrqrplfv ri Vflhqfh�/ Mrxuqdo ri Hfrqrplf
Olwhudwxuh/ yro167/ ss144<<04568

471 Vkdsoh|/ O1V1/ Vkxeln/ P1 +4<::, �Wudgh Xvlqj Rqh Frpprglw| dv d
Phdqv ri Sd|phqw�/ Mrxuqdo ri Srolwlfdo Hfrqrp|/ yro1;8/ q18/ ss1<6:0
<9;
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